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One of the classic models to describe particle shape, whether
small, large, free-standing, or as precipitates, is the Wulff

construction,1 which dictates a particle shape given its orien-
tation-dependent surface free energy. On the basis of the
original experimental observations of natural crystals byWulff,
the first mathematical explanations appeared during the
second world war first by von Laue2 with a more sophisticated
proof given shortly after by Dinghas3 and some applications to
other cases by Herring.4 Interest in theWulff construction was
recently renewed with the development of nanotechnology, as
it can be applied to the understanding of many nanoparticle
shapes.5,6

While there have been extensions such as the Winterbottom7

construction, a modified form used for multiply twinned particles8

and the SummerTop construction,9 not toomuch has changed in
the last decades for the Wulff construction, despite the accrued
interest drawn by shape-controlled nanoparticle synthesis. One
result for all such models is that the thermodynamic shape is size-
independent, except in cases of exceptionally large strain effects10,11

or counting effects related to edge and corner atoms.12�14 In
all cases deviations from the Wulff shape are relatively minor.
While atomistic calculations are often used for small clusters,
it is important to note that it has been clearly proved that the
Wulff construction is a reliable tool for identifying the
energetically most stable clusters in single-component sys-
tems beyond a few hundred atoms, from work where atomistic
simulations have been carefully compared with continuum
models.14�18

An interesting issue arises when one considers the same
problem, the thermodynamic minimum energy shape of a particle,
but now for an alloy in which there is the additional degree of
freedom of surface segregation of one or more species. Nano-
particle alloys play a major role in catalysis.19�21 A better
understanding of the thermodynamics behind their shape and
surface composition can be extremely beneficial in rational design of
more efficient systems. Additionally, alloying provides a handle

to tune plasmonic properties, as in the case of AgAu nanorods.22

However, modeling of a nanoparticle alloy is still in its infancy,
and pitfalls or limitations are often hard to avoid. In some cases it
has been assumed a priori that the exposed surfaces always have
full surface segregation to the lowest energy surface state23,24 (the
bulk acting effectively as an infinite reservoir) or the problem has
been analyzed numerically using density functional theory,
Monte Carlo simulations, and embedded atommethods for fixed
shapes25�30 with the surface composition allowed to vary, or for
very small numbers of atoms. While such atomistic studies can
provide invaluable information, there are of course approxima-
tions (sometimes severe) with the potentials, structures, and/or
density functionals used. In addition, analytical techniques are
often more powerful than atomistic ones as they provide solu-
tions valid for different sizes, which is often hard to extract from
an atomistic calculation.

In this paper we show that for an alloy an analytic solution
exists for the thermodynamic equilibrium shape which is differ-
ent from what one has for a single-component system. We first
introduce and solve the “alloy Wulff construction”, in which,
strikingly, the shape and composition profile of the particle are
dependent on size and the infinite reservoir approximation is
invalid. Then we discuss its applicability and analyze appropriate
examples.

To derive the alloy Wulff construction, we first define the
contributions to the energy of the nanoparticle and then apply
constraints to solve the resulting equations. A detailed deriva-
tion can be found in the Supporting Information.

The face- and composition-dependent surface free energy,
γ(n,C1

S,C1
V,C2

S,C2
V,...), is defined as the excess energy per unit area

due to the presence of a surface. The total surface energy of the
particle, ES, is related by a truncated Taylor series expansion to
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γ(n,C1
S,C1

V,C2
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V,...) and its derivative, the surface chemical potential,
μi
S, as follows

ES ¼
Z

ðγðn,CS
1 ,C

V
1 ,C

S
2 ,C

V
2 , :::Þ þ ∑μSi ðxSi ÞÞ dS ð1Þ

where n is the crystallographic face, Ci
S is the surface fractional

concentration of element i, Ci
V is the bulk fractional concentra-

tion of element i, and xi
S is a small change in surface composition.

Note that the surface free energy must include a term correcting
for the composition difference between bulk and surface, i.e.
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where τ is the surface thickness, γ(n,C1
S,C2

S,...) is the free energy of a
surface of concentration C1

S, C2
S, ... on a bulk of the same

concentration, and γ(n,C1
S,C1

V,C2
S,C2

V,...) is the free energy of a surface
of concentration C1

S, C2
S, ... on a bulk of concentration C1

V, C2
V, ....

The alloy bulk free energy, G, is defined as the deviation from a
linear variation of bulk free energy per unit volume between two
pure components.

Analogously, the change in bulk free energy, EV, is expressed as

EV ¼
Z

ðΔG þ ∑μVi ðxVi ÞÞ dV ð3Þ
where μi

V is the bulk chemical potential of component i and xi
V is

a small change in bulk composition. The bulk free energy term
ΔG is the difference between the free energy per unit volume of
the final bulk concentration C1

V, C2
V, ... and that of the initial

composition, assuming equal surface and bulk concentration
(which we will call homogeneous), B1

V,B2
V, ...

ΔG ¼ GðVV
1 ,C

V
2 , :::Þ � GðBV1 , BV2 , :::Þ ð4Þ

This term is crucial in the thermodynamic behavior of alloy
nanoparticles, as surface segregation not only affects the surface
but also starves the bulk of the segregating species. If the bulk
is assumed to be an infinite reservoir, this term is zero, an
approximation which as we will see is not always appropriate.

Conservation of mass, volume, and composition constraints
are then applied, and the energy is minimized with respect to
changes in bulk and surface concentration using a Lagrangian
multiplier Λ as

F ¼
Z

γðn,CS
1 ,C

V
1 ,C

S
2 ,C

V
2 , :::Þ dS þ

Z
ðΔG�ΛÞ dV þ ΛA

ð5Þ
Solving eq 5 (see Supporting Information) yields the alloy Wulff
construction

γðn,CS
1 ,C

V
1 ,C

S
2 ,C

V
2 , :::Þ

fΛ�ΔGg ¼ hðnÞ ð6Þ

which dictates the length of each face-dependent equilibrium
surface normal h(n), i.e., the particle shape, as a function of surface
composition, bulk composition, and particle size. The thermo-
dynamic equilibrium energy is then simply the sum of the surface
free energy and the change in bulk free energy

Etot ¼ ES þ EV ¼
Z

γðn,CS
1 ,C

S
2, :::Þ dS þ

Z
ΔG dV ð7Þ

Numerical analysis, performed in MATLAB (see Supporting
Information) shows that two types of systems are possible,

depending on the alloy strength. We can quantify alloy strength
as the largest value of the difference between the linear inter-
polation of bulk free energy and the actual bulk free energy (G),
divided by the linear interpolation value at that concentration.
The first case is “weak” alloys, for which the maximum deviation
is less than 1%, the largest value for AgAu being around
0.65%.31�34 In such cases of small ΔG, the equilibrium shape
approaches that of the traditionalWulff construction (supplementary
eq 23, Supporting Information). Lowering of the surface free
energy through surface segregation dominates for all concentrations:
the segregating atoms go to the surface until the concentration
where there are enough atoms to form a pure surface, and only
after this does the bulk become an alloy. Note that very large
surface free energy differences between possible surface compo-
sitions and a moderately weak alloying energy can also lead
to this behavior. Analysis of AgPd (maximum deviation of
0.92%)31,34�36 can be found in the Supporting Information
because of its similarity to the weak alloy AgAu.

The second case is much more interesting and concerns
“strong” alloys, for which theG term is above 1% at its maximum,
and an infinite bulk reservoir approximation breaks down. Many
bimetallic catalyst systems fall into this category: CuAu
(maximum deviation of 1.2%)19,31�33,37 and AuPd (maximum
deviation of 1.1%),31,32,36,38 for example, form disordered, seg-
regating FCC alloys. Some of these alloys can form ordered
phases at low temperatures, but we chose to ignore this effect as it
is usually very weak at the relatively high temperatures considered.

Data used for the FCC random alloys CuAu31�33,37 (720 K),
AuPd31,32,36,38 (600 K) and AgAu31�34 (600 K) are presented in
Figure 1 and Supplementary Table S1 (Supporting Information).
The surface free energy and unit cell parameter were assumed to
vary linearly between the two pure components. The surface
thickness τ was assumed to be the distance between two
equivalent planes, i.e., c/2 and

√
3c/3 for (100) and (111) faces,

respectively. Identical segregation for all faces was assumed, but
simple modifications can allowmodeling of different segregation,
as well as segregation gradients.

At all compositions, the surface free energies of the FCC alloys
CuAu, AgAu, and AuPd dictate a thermodynamic shape domi-
nated by (111) faces, with small (100) faces and no (110),
yielding a structure between that of a cuboctahedron and an
octahedron (Figure 2). With this geometry, the only parameter
necessary to describe the particle shape is the ratio of surface
normals h111/h100. Plotting this as a function of homogeneous

Figure 1. Bulk and surface free energy data for CuAu, AuPd, and AgAu.
The bulk free energy is defined as the deviation from linearity between
the two pure components, and the surface free energy is assumed to vary
linearly between pure surfaces.
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(initial) concentration for different particle sizes and composi-
tions (Figures 2 and 3), a striking trend is apparent; the equilibrium
morphology of a small alloy particle is size-dependent, unlike that
of particles modeled either with the basic Wulff construction or
with an alloy Wulff in which bulk free energy changes are
neglected (infinite reservoir approximation).

The surface/bulk energy duality leads to the formation of up
to three distinct composition�structure regimes with size-de-
pendent boundaries, suggested in Figure 4. For CuAu, at small
initial Au concentration (<10 atom %), the energy gained by
lowering the surface free energy overwhelms any bulk free energy
changes such that all the available Au segregates to the surface,

the bulk remains pure Cu, but there are never enough Au atoms
to form a monolayer. This is a nanoscale effect, which is most
important at small sizes, e.g., <104 atoms. As the initial Au concentra-
tion increases, the segregation (bulk) energy becomes compar-
able to the energy gained by surface compositional changes, and
regime 2 starts. While a complete surface segregation may give
the lowest surface free energy, it is prohibited by the large bulk
free energy change it induces. The size-dependence of this
transition, presented in Figure 4, becomes negligible for particles
beyond 105 atoms (approximately 15 nm in diameter). The
surface and bulk energy remain in balance until the concentration
at which the latter can no longer prevent the formation of a pure
surface. The second transition, from regime 2 to regime 3, results
in a very sharp change in shape and concentration. This effect is
also size dependent up to 106 atoms, as shown in Figures 3 and 4.
Note that with an infinite reservoir approximation the surface
composition is always that of regime 3, independent of size; the

Figure 2. Shape dependence on composition and size according to the
alloy Wulffmodel. (a) Size and composition dependence of the particle
shape computed for a homogeneous alloy (basic Wulff), a segregating
alloy with an infinite reservoir approximation, and the current alloy
Wulff model. The shape is size-independent for homogeneous and
infinite reservoir alloy nanoparticles. (b) Varying particle shape for
CuAu alloys with initial Au fraction of 0.15.

Figure 3. Size dependence of CuAu nanoparticle shape for different
initial Au concentration ([Au]H) according to the alloy Wulff model.

Figure 4. Effect of size and initial (homogeneous) composition on the
equilibrium surface composition of alloy nanoparticles containing 103,
104, 105, and 106 atoms (∼3, 7, 15, and 30 nm diameter). Three different
regimes can be seen in CuAu and AuPd, while two regimes are observed
for AgAu, as discussed in the text. The results for 106 atoms are very
similar to those for larger (109 and 1012 atoms) particles; see Supporting
Information for CuAu.
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shape changes in this regime because the surface free energies
depend upon the bulk concentration (eq 2). A similar behavior is
observed for AuPd, except that at very small sizes, the bulk free
energy changes effectively prevent the formation of a full mono-
layer of Au on the surface. AgAu, a weak alloy, behaves differently
in that there is never a balance between surface and bulk energy,
forming a pure Ag surface unless there are not enough atoms to
do so. In other words, AgAu does not go through regime 2.

The behavior modeled by the alloy Wulff construction is
significantly different than that of a homogeneous particle. Indeed,
in the basic Wulff construction, lowering of energy through segrega-
tion is not allowed; thus the particle is practically never modeled
at its equilibrium configuration. Figure 5 clearly shows that the
total energy predicted by this simple model is always the highest.
Because it includes energy-lowering shape (Figures 2 and 3) and
composition changes (Figure 4) which the traditional Wulff and
the infinite reservoir approximation neglect, the current model
provides a better thermodynamic description of alloy nanoparticles.

We cannot unconditionally connect all possible cases of the
alloy Wulff construction with experimental data since the effects
we predict here have not (yet) been looked for (a future experi-
mental challenge), but what evidence we can find is circumstan-
tially strong. For “weak” alloys, our model correctly predicts
surface segregation. Formation of an Ag outer layer was observed
in AgAu particles of diameters 21( 7 and 52( 36 nm, albeit the
oxidizing environment also drives Ag to the surface.39 Calcina-
tion at 200�400 �Cof 20 nmAuPd particles of unspecified initial
composition40 led to the formation of a Pd surface due to the
higher affinity of Pd for O at such temperatures. Subsequent
reduction at 500 �C40 yielded the composition we predict, namely a
Au-enriched surface. Nearly pure Ag surfaces (95�100%) have
been observed in bulk Ag33Pd67 by STM,41 while Auger electron
spectroscopy of bulk Ag77Pd23 gave mixed results, either with
much Ag segregation or almost none, depending on the degree of
data processing involved.42 Morphology and composition pro-
files in “strong” alloy nanoparticles, which are uniquely modeled
in the alloy Wulff construction, have been barely studied. Extended
X-ray absorption fine structure was used to probe the environ-
ment around Cu and Au atoms in small (<10 nm) particles of the
strong alloy CuAu with an homogeneous Au fraction of 0.56.43

The results showed a lower average nearest neighbor for Au
(11 vs 12), consistent with partial surface Au segregation, as
predicted here (Figure 4). This indicates that bulk forces can
indeed prevent full surface segregation, a component the alloy
Wulff construction uniquely takes into account. Unfortunately,
the specific particle size, hence the exact degree of segregation,
was not determined, leaving open questions. While the informa-
tion available clearly supports our model, it also points to the lack
of systematic experimental studies of alloy nanoparticle compo-
sition; we note that this type of information should be accessible
with aberration-corrected electron microscopes.

The new approach provided by the alloy Wulff model has a
multitude of implications, many rather transformative. The large
surface to volume ratio (∼30% of atoms are on the surface for a
1,000 atom particle) of nanoparticles make them especially inter-
esting for heterogeneous catalysis, in which small (2�10 nm)
alloy particles are commonly used.19�21 We expect the alloy
Wulff model to be extremely useful for such particles: given the
proper surface free energies under reaction conditions (including
presence of surfactant, underpotential deposition, etc.), one can
predict the ratio of crystallographic faces and the surface com-
position, both critical factors for activity. Another area of
scientific interest that will benefit from this new model is that
of alloy nanoparticle growth. Seed-mediated syntheses are pop-
ular because they tend to provide better shape control, and now it
is possible to understand the composition and morphology of
those seeds and study how this relates to the final product.
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